5 Integration

5.1 Integration revisited

If the derivative of the function F(xz) is f(x), namely F'(z) = f(z), then F(z) is called an antiderivative of f(x).

Any two antiderivatives of f(z) differ only by a constant, thus we introduce the notion of indefinite integral, and
the following notation:

/f(m) dz = F(x) + C.

Each differentiation formula naturally leads to an integration formula:

i(az") = nz" ! /x”dx— G + C, forn # —1
dz B o+l ’
%(em):e’” /emdx:e”:—i—C'
i(a”’c)zofclna, fora>0, a#1 /axdm:L+C,f0ra>0,a#1
dx Ina
d 1 1
E(lnx)—; /;dm—ln|m|+0
d—(sinx):cosx /cosxdm:sinm—i—C
x
d—(cosm): /Sinxdx—
x
s (tanz) = sec’ z / dz =tanz + C
x
— (cotz) = dzr =
2 (eota)
x
d
a(secx): / dz =secx + C
—(cscx) = dx =
dx
d . .1
(1) a(sm z) = dz=sin""z+C
d 1
M a(cos z) = dz =
d 1 1
a(tan ac)— /x2+1dx_
F b
/f(x)dm:F(x)—i—C /f(ax—i—b)dx: (a:z;—f— )—i—C

Exercise 29.

1. Evaluate the following indefinite integrals.

(a) y:/3x271dx
(b) y= /62“'3 dz

2
@ =] gzt
(d) yz/siandx
(e) y:/cos%cdx

2. The gradient at any point (z,y) on a curve is 42> — 6x + 1. The curve passes through the point (—1,4). Find
the equation of the curve.



5.2 Definite integrals (with formal treatment) | EXTRA |

The development of the note of the definite integral originated from the needs in many practical situations, such as
evaluating the area of a given region, evaluating the arc length on a certain curve, and calculating the displacement
of an object whose velocity changes over time, etc.

Given the curve with equation y = 22, find the area under the curve, between the lines z = 0 and = = 1.

€3} Now let us generalize this idea by investigating a function f(z) on a closed interval [a, b], where a < b.

Define a partition P as a finite sequence of points in this interval such that,
a=xg <X <T2<--<xTp =",
denote the width of each sub-interval [xf_1,zx] by Azy = 2 — 21, and denote the maximum of these widths by

A= max (Axyg).
1<k<n

We then take, in each sub-interval, an arbitrary point &, and sum up the areas of all the small rectangles to obtain
the total area:

S(P;ék) =D f(&) Ay
k=1

This S(P;&) is called a Riemann sum of f(z) with respect to the partition P, which is an approximation to the
area under the curve over the interval [a,b]. It can be seen that such a Riemann sum depends on both the partition P
and the points & chosen in the sub-intervals. However, it is obvious that the actual area is independent of such choices.

When the widths of the sub-intervals become sufficiently small, the Riemann sum is expected to approach the actual
area. Hence we define the definite integral (or Riemann integral) of the function f(z) over the interval [a, b] as
the limit of the Riemann sums as the maximum width A approaches 0:

b n
/a f(x)dz = ;i%l;f(gk)mk.

€3] The existence of this limit leads to the issue of integrability. This is something way too beyond this course.



2

Now we return to the area under the curve y = a* over the interval [0, 1].

To make it simpler, we can use partitions with n sub-intervals of equal length: Az, = 1, and z;, = £

n n’

Furthermore, within each sub-interval [xj_1,xk], the point & is chosen to be the right endpoint, namely xp. Then
the Riemann sum becomes:

k=1

=— (result of the summation is used without proof here)

1 2
2 1
= /ach;C:hmm (A= Az, =1; X = 0 means n — 00)
0

Exercise 30.

€3] By applying the same technique, evaluate the integral

3
/ (%:c + 1) dx.
-1

You may want to verify your answer by finding the corresponding area geometrically.



5.3 Fundamental theorem of calculus | EXTRA |

Taking limits is always something difficult, so we now intuitively introduce the fundamental theorem of calculus.

Given that f(x) is a continuous function over the interval [a, ], and that F'(x) is an antiderivative of f(z), then
b

b
/ f(z)dz = F(x)| = F(b) — F(a).

a

By employing this theorem, we can solve the previous problem in a much quicker way:

1 3
/ 22dr = 2
0 3

Given a function f(z) and real numbers a, b and ¢, note that

/abf(fv)dw+/bcf(w)dx[f(z)dr,

/baf(x)dx = /abf(x)dx.

Try to explain these two equations geometrically.

R
o 3 3

and that

Exercise 31.

Apply the fundamental theorem of calculus to evaluate the following definite integrals.

2 1\ 3
1. / (m—i— ) dx
1 x

N
O\).._‘
[e]
N
8
L
o
&

1
1
6. / —dx
1z

(The last question relates to the next section.)



Exercise 32.

1. Find the area of the region enclosed by y = sinz and y = %x in the first quadrant.

1
2. Find the area of the region enclosed by the curve y = — and the line 2z + 3y = 7 in the first quadrant.
x

3. (1) Two functions ,

F(a) = /0 1‘27—’_1 dx and G(a) = /0 m dl’,

are defined for @ > 0. Find the maximum value of F'(a) — G(a).
4. The curve y = f(z) has a stationary point at (0,3) and it is given that f”(z) = e3.

(a) Find f(z).
(b) Find the nature of this stationary point.

5. (1) Show that (for ¢ > 0)
Yoo 1
_ dp=
(&) /0 (1+tx)? Tt

oo 1
® ), Trap =

Noting that the right hand side of (b) is the derivative of the right hand side of (a), conjecture the value of

1 2
/ _6e7 4
o (1+a)

1
/ (x4 1)k 1da
0

6. (1) Evaluate the integral

2k —1
in the cases k # 0 and k = 0. Hence deduce that llin}) =1In2.
—
7..(1) Prove the identities cos? § — sin® = cos 20 and cos @ +sin* 9 =1 — i sin? 20. Hence evaluate
z z
/ cos’0df  and / sin* 0 df.
0 0
Evaluate also . -
z 6 Z 6
/ cos® §df and / sin® 0 d6.
0 0
8. (1) Find the maximum value of the function
T1—t
= —dt
f@) = [
for x > 0.

9. (1) Find the derivative of the function

flz) = /Ox In(u + 1) du.



5.4 Improper integrals

1
d
Type I: unbounded function values. For example: / &

0 VT

oo dr

Type II: unbounded integrating intervals. For example: / 5
1

X

Exercise 33.

1. Discuss whether the following improper integrals are finite, in different cases that arise according to the values

of the positive constant p.
1 1 “+oo 1
/ — dx; / — dz.
o xP 1 xP

“+oo
2. Evaluate the improper integrals / 372 dg.
1
3. Determine whether the area under the curve of y = tan? z, between z = 0 and = 3, is finite or infinite.

L 1
4. (1) It is given that f(x) = T3 22 for z > 0.
(a) Sketch the graph of f(x).

(b) Find the equation of the line passing through the point (0, 1) and is tangent to the graph of f(z) at another
point. Prove that there are no further intersections between the line and the curve.

—
o
~

By comparing the areas under the graph of f(x) and under this tangent line, prove that = > 3.
(d) By comparing the improper integrals

+o0 +oo 1
/ f(z)dx and / — dz,
1 1

prove that = < 4.

(e) Given that tan i = /3 and that tan 57 = 2 4 /3, obtain two more (better) upper bounds of m, by
comparing similar pairs of improper integrals.

(f) By expanding f(z) as a power series: =1-224+2*—284 2% —2'9+ ... and then integrating over

the interval [0, 1], show that

x2

1
1- =

T e .
3 5 7 9 11 4



5.5 Volume of revolution

When the region under the graph of y = f(z) between = a and « = b (where a < b) is rotated about the z-axis, the
volume of the solid of revolution formed is
b b
/ my? do = / 7 (f(x))? dz.

When the region bounded by the (monotonic) curve with equation y = f(x) between the lines y = ¢ and y = d (where
¢ < d) is rotated about the y-axis, the volume of the solid of revolution formed is

d
/ ma? dy.

Such an integral is usually evaluated by first expressing x in terms of y.

) One special case is that a decreasing curve cuts the z-axis at (a,0) and the y-axis at (0,b), where both a and
b are positive. When rotating the region enclosed by the curve and the x- and y-axes in the first quadrant, about the
y-axis, the volume of revolution can be found by both formulae:

b a
/ a2 dy, and / 2y dx.
0 0

This can be proved later by the method of integration by parts.

Exercise 34.

1. Find the volume generated when the region under the graph of f(x) between x = a and x = b is rotated
completely about the z-axis, leaving your answers as multiples of 7.
() =z + ! Lb=1
r)=x+—=;a=5,b=
= 1

(a) f 7z

(b) f(x)=e**"La=0,b=1
(c) f(z) =cosz;a=—3m, b
(d) f(z) =tanz;a= 7, b=

3 =

W=

2. Find the volume of revolution generated by rotating the region bounded by the curve with equation y = e™*

and the z- and y-axes, through 360° about the z-axis.

3. (1) A torus is formed when the interior of a circle with equation z? + (y — r)? = a?, where r and a are
parameters such that r > a > 0, is rotated completely about the z-axis. Find the volume of the torus, giving
your answers in terms of 7, a and r.

4. Find the volume generated when the region bounded by the graph of f(z) between y = ¢ and y = d is rotated
completely about the y-axis, leaving your answers as multiples of .

(a) f(z) =arctanz; c=0,d =%

1—
(b) (1) f(z) = W i; c=0,d=1 (Try to use two different methods to solve this question.)




5.6 Integration by partial fractions

Exercise 35.

1. Find the following integrals:

22— 4 —6
(®) /<x—2><x+3> d

Ol Erew e L
(c) /ﬁdm

! 1
(d) /é EESICEDEEE

T

+oo
(e) (1) /0 CESCED e

3
2. The region enclosed between the graphs of y = — and x + 2y = 7 is denoted by R. Find the volume generated
x
when R is rotated though four right angles about (a) the z-axis; (b) the y-axis.



5.7 Integration by substitution
The first example is rather easy: / z(2z 4+ 1)% da.

You may evaluate this integral by expanding the cube and integrating term by term. However, if instead we make the
dx
substitution: © = 2x + 1, then x = %(u — 1). By differentiating = with respect to u, we have i %
u

dz
Now we write, in terms of differentials, dz = T du = %du, and the integral reads:
u

/x(2x +1)%dx

I
N
<
o
—_
w
DN | =
N————
o,
<

= - +C. (substitute back to x)

You may see the benefit of substitution more clearly when you work on this integral: / (22 +1)* dz.

Exercise 36.

For each of the following substitutions, write dz in terms of ¢(t) dt or dt in terms of ¢(z) dz, whichever you think is
simpler.

1. t=1+22
2. t=+2r+1

3. t=sinx

4. ¢z =¢t
5. z=In(t+1)
6. t = tan —



Worked examples:

1. Find the integral: /3x\/ 2z — 1dx.

2+1 d
Let u = +/2x — 1, then x = ut , and & _ u, or dx = udu. Therefore,

2 du
241
/3x\/2x—1dx:/(3-u2+ uu) du

You may also try to use the substitution v = 2x — 1, or even without using any substitution at all, to evaluate
this integral.

1
z+ T

Let u = /7, then z = u?, and dz = 2u du. Therefore,

1 1
f— 7-2
/:c—f—\/fdx /(u2+u u) du
:/ 2 du
u—+1

=2Inlu+1/+C
=2In|Vz+1|+C.

dz.

2. Find the integral: /

1
3. Find the definite integral: / z2y/1 — 23 dz.
0

Let u =1 — 23, then du = —322dz, or 22dz = —%du.

When x =0, u = 1; when z = 1, u = 0. It is alright to have the upper limit less than the lower limit. Hence,

/01x2mc1x:/10\/a- (—;) du

1 us ’
49
_ (_2uz> ’

9 1

:_g.(o_D

1

NeR i \V)

For definite integrals, it is important to substitute also the upper and the lower limits. In this example we see
that sometimes it is helpful to write du in terms of ¢(z) dz, where ¢(x) is a factor of the original integrand.



Exercise 37.

Evaluate the following integrals:

1. /es”w cosz dx

2. /x\/3—2x2dx
2
T
/x?’—ldx

1
x

4. —d

/0 A1

™
T
5. / sin 2z cos* z dz
0

@

=]

. /3903 (m2 — 1)5 dx

. \/E+1dx
VT —1

1
. / 221 —zdx
0

EN|

oo

NeJ

0
. / 22V/1 = 3z dz
-1

z
10./ sec* 22 tan 2z dx
0

3 1
11. (1) /0 mdm

! 1
12. () /0 \/ﬁdx
I

14. (1) /secxdx

15. (1) / ! dx

3+ 1



5.8 Integration by parts
The formula of integration by parts (shortened as IBP) is derived from the product rule of differentiation:
(uv) = u'v + uv'.

Integrating both sides with respect to x yields:

uv + C = /(u’v) dx + /(uv’) dz.

dv du
/uadx—uv—/avdm
or /udv:uv—/vdu.

Note that there are indefinite integrals on both sides, thus it is unnecessary to include the constant ‘4+C".

By rearranging the terms, we can write:

Worked examples:

1. Find the integral: /xsin 3z dz.
The first step is to recognize which part in the integrand is ‘v’, and which part is ‘dv’; or ‘g—z dz’.

Usually when we have a product of a power function (such as z™) and an exponential, sine, or cosine function
(i.e. €*, sinax, or cosax), we consider the power function as u, and the other part (exponential, sine, or cosine
together with dz) as dv.

On the other hand, when a power function 2™ is multiplied with a logarithmic function (e.g. lnx), we choose
u = Inz, and dv = z"dx.

d
Therefore in this example, we take u = z, and dv = sin 3x dx, or d—v = sin 3z. This means that
x
u=1, and v:/sin?)xdx:fécos?)x(JrC).
In the following calculation, the above integration constant can be ignored. ((}) Think about why.)

Now we apply the IBP formula:

/xsinSxdxz/udv
:uvf/vdu

=x- (—%cos?m) —/(—%cos?m) dx

= —%xcos?)x—&—%/cos?)xdm

= —%xcos3x+ % . %sin3:z:+()

= —%xcos?)x—é— %sin?)x-i-c

e
2. Find the definite integral: / Inxdz.
1

First we look at the indefinite integral: /lnx dz. Set u =Inz, and dv = dz. This means du = l dz, and v = .
T

Thus
/lnxdx:xlnx—/<x-1> dx:xlnx—/ldx:xlnx—x—i—a
T

=(e—e)—(0—-1)=1.
1

Therefore

/ Ilnzde = (zlnx — 2)
1




3. Find the integral: /xze_% dzx.
2 —2z dv —2z .
Set u = z*, and dv = e~ =" dz, or Fr e~ *%. This means
—2z 1 —2x
du = 2z dz, and v:/e dz = —3¢ (+C).

Now we apply the IBP formula:

1 1
2 _ —2x _ 2 [ _ .2z _ e 2
/ace dex =2 ( 2e > /( 2e ) 2x dx
T

_ _% —2r ge—QJ, _ 76—27;_’_0
222 4+ 22 + 1

Note that IBP is applied for a second time where the symbol (x) is marked; this time the substitutions of u and
v are not explicitly expressed.

4. Find the integral: /eI sinz dz.

For this integral we also need to apply IBP twice:
/e”” sinzdr = /sinxd(em) =e"sinz — /e”’ d(sinz) = e”sinx — /ex cosz dx
=e"sinx — /cosmd (e") = e"sinx — e” cosx + /em d(cos x)
=e®sinx —e”cosz — /ez sinz dz
Q/ez sinzdr = e”sinx — e” cosz + C’

e’sinx —e* cosx

and -/e”; sinzdx = +C.

2

/e”” sinxdx:/ewd(—cosx)

and obtain (obviously) the same answer, still through IBP twice. Try to work out full details by yourself:

One may start with



Exercise 38.

Evaluate the following integrals:

1. /xe%dx

N
—
&
o
E
w
3
o
8

w
—
H‘E
Nl
Q.
g

&

z°sin 2x dx

7. /egz cos4dx dx

10. (1) (zlnz)? dz

2
236 dx

1. (f)

— —

12. (1) /sin2xesmmdx

1 .
13. () / arcsinz |
0




Exercise 39.

Evaluate each of the following indefinite integrals by substitution.

dx 1
—————. Try different substitutions: (i) x = —; (ii) x = tané; or
S Ty () = 3 (i) ,
1
(iii) first write the integrand as ——===, then make the substitution u = 1 + —.
3, /1+ L x

x

2. /tanw rsec? zdz. Try u = tanz.

sin/z
VT

n / _dz
e[L‘ _ e*l‘
sinx + cosx
' Vsinx — cosx
6 / dx
) (arcsinz)?V/1 — 22

rtany/1 + 22 d
. S——
V1422

Try u = V1 + e2=.

@

dx

ot

dx

/ dx
T

dz
$4\/1+$2' 1/1_’_$2.

fx—1 Jx —1
10. / v dz. First substitute t = L, then use partial fraction decomposition.
z+1 rz+1

11

Try first substitute z = tan 0, then u = sin§. Alternatively, try u =

/ dz
) /(1= a?)3
dx
12. — . First substitute = sin , then write cos @ in the numerator as [ (sin 6 + cos #) + 2 (cosf — sin 8)].
/.Z‘+V1—JC2 [2( ) 2( )]
dx
13. | ————
/ 1+ V2

14 Try x = secé.

/ dx
’ /22 —1

arctan \/x

15. —————dxz. Try u = arctan /.
N y Ve
dx
16. /7 Try v =1 + z*.
xv/1+ zt Y

1
17. / ﬂ dx
(rlnz)?

Evaluate each of the following indefinite integrals by parts.
18. /ev “+1 dz. First substitute u = v/x + 1.

1
19. / 302 dz. Hint: (cotz) = —csc?z = ——

sin“ x sin“ x

20. / arcsin x dz. First substitute v = arcsin x.

21. /anrctanxdx



22.

23. ztan? z dz. First write tan?z = sec2z — 1.

24.

x2

25. cos(Inz) dz. First substitute x = e*

fr
/
e,
/

26. /(aurcsinac)2 dz
27. /\/Eeﬁdm
28. /1n(x+ 14 22)dx

1) Evaluate each of the following indefinite integrals.

rdx
29. —_— Try a few alternatives.

Vidx — 3
dx
[ s

V1 1
31. / T Hint: use the substitution R =t
zV/1—zx x —x
2
d 1 1 1
32. / - a Hint: write the integrand as 5 <3 Tt ) , then substitute t = { Tt .
e —1)2(x+1)* (x+1) Va—1 x—1
dx . e
33. - Hint: use the substitution ¢ = tan %
44+ 4sinx + cos

34. /1n(1+:1c2) dz

35. / TS dz Hint: split into two integrals, then apply IBP for one of them.
14 coszx
2

36. / 2 e
cos3 x

dx
37. / 7(1 o)

38. (1) Given the following integration formulae:

dx
:arcsing—i—C; /\/m In|z + Va2 +a2|+ C;

d 1
+ C; /i:farctanf—i—a
z24+a®> a a

/ dz
Va2 — 22
/ dz 11
. S
2 —a® 2a
2
/\/612—;1c2dyc:E a2—x2+a—arcsin§+0;
2 2 a
1
/\/inanx:§ [meZiaQiann‘x—i— \/inaQH +C;

r—a

T+ a

evaluate each of the following indefinite integrals. Hint: write az? + bc + ¢ in the form of a[(z — p)? £ ¢?].

/(5x+3)\/x2+x+2dx /(x—l)\/x2+2x—5dx

(x—1)dax (x4 2)dx
vVrz+z+1 V5 +x — 22




Exercise 40.
) Enjoy the following challenges.

1. Evaluate the following integrals, in different cases that arise according to the value of the positive constant a:

1
1

d .

(a)/o 22+ (a+2)z +2a o

2
1
(b) /1 u2+au+a—1dx'

2. Show, by means of a suitable change of variable, that

/Ooof( x2+l+m)dx:;/loo(l—i-t_z)f(t)dt.

Hence show that

° 3
/ (Vo2 +14+2)3de ==,
0 8

3. Let

a a :
cos T sinx
I=| ———~ daz and =[] ——— duz,
o0 SInT -+ cosx o SInzx -+ cosx

where 0 < a < 3. By considering I + J and I — J, show that 2] = a + In(sina + cosa).
Find also:

™

2 cos T
(a) / ————— dx, where p and ¢ are positive numbers;
0 psinx +qgcosx

(b) /72r cosx + 4 .
0

3sinx +4cosz + 25

4. Differentiate sect with respect to t.

2 1 V3i—-2 o«

(a) Use the substitution x = sect to show that / dz =

o
vz rdvar?—1 8 24

1

dx
(x4 2)/(z+1)(x + 3)

1
(¢) Determine / dz.

(x4 2)vVa2 +4z -5

5. (a) Use the substitution u? = 2z + 1 to show that, for z > 4,

3 V2r+1-3
% ge-m(¥ET_T0) ik,
(x —4)v2x+1 V2zx +1+3

(b) Determine /

where K is a constant.
In8 2 7 2
=—+In—-.

——dz
n3 €%ver +1 12 3
6. The variables ¢t and z are related by ¢ = x 4+ /22 4 2bx + ¢, where b and ¢ are constants and b < ¢. Show that

(b) Show that

dx t—x

At t+b’

. 1

and hence integrate ———.

Va2 4 2bx + ¢

Verify by direct integration that your result holds also in the case b?> = ¢ if  + b > 0 but that your result does
not hold in the case b?> = cif z +b < 0.

7. (a) Show that, for m > 0,

R xr = 92 + Inm.

/m 22 = m=Dm+ 1)

(b) Show by means of a substitution that

m 1 m n—1
/ 7@:/ LA
1 z(z+1) 1 ou+1

m m




(¢) Evaluate:

2 5 3 2.5 3 1
/ %dx; and / x:_#dm.
1 @z +1) 1 x3(z+1)

8. Use the substitution x = , where t > 1, to show that, for z > 0,

1
2 -1

1
/mdx:2ln(\/§+\/x+1)+c.

1 1 t—
[Note: You may use without proof the result / PR} dt = % In ’M‘ + constant.]
1 1
The section of the curve y = —= — ———— between = 1 and x = % is rotated through 360° about the z-axis.
Y= Voil 8 16 &

Show that the volume enclosed is 27 In %.

el)
14+x

1
9. The number F is defined by F = / dzx.
0

x QGI

1 1
Show that / e dz =e—1— F, and evaluate / sc dz in terms of e and F.
o 1+ o 1

Evaluate also, in terms of E¥ and e as appropriate:

+x

1 ;—; V2 2?
/ © dzx; and / < dz.
0 1 + X 1 X

X

1
10. The function f(z) is defined by f(z) = ¢ T for x > 0, and the function g(x) is the inverse function to f(z),
P
so that g(f(x)) = z. Sketch f(x) and g(x) on the same axes.
Verify, by evaluating each integral, that

3 k 1
/0 f(a:)da:+/0 g(x)dx:m,

and explain this result by means of a diagram.

1
where k = ﬁ,

11. Show that, for any integer m,

27
/ e cosmrdr =
O m
(a) Expand cos(A + B) + cos(A — B). Hence show that

21
@ ‘ _ 19 (2m
/0 e’ cosx cosbr dr = 755 (e 1).

2m
(b) Evaluate / e” sin 2z sin 42 cos x dz.
0

12. Show that

el

/ sin(2z) In(cos z) dz = 1(In2 — 1),
0

and that .
/4 cos(2z) In(cos z) dz = § (7 — In4 — 2).
0

Hence evaluate

[ME]

/1 (cos(2x) + sin(2z)) In(cos x + sin z) dz.

13. (a) Show that, for n > 0,

4 1
/ tan™ x sec? z dz = and / sec” ztanz dx =
0 n+1 0

INE)

Va1

n

(b) Evaluate the following integrals:

ENE]

s
T
/ zsect xtan z dz and / 2% sec? x tan x dz.
0 0



